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The Craig–Sakamoto theorem establishes the independence of two
quadratic forms in normal variates. In this article, we provide a sim-
ple proof of a generalized Craig–Sakamoto theorem.
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1. Introduction
The Craig–Sakamoto theorem establishes the independence of two quadratic forms in normal ran-
dom variables. For its history, refer to [3,7,8]. After some development, the Craig–Sakamoto theorem
can be stated as the following mathematical form.
Theorem 1 (Craig–Sakamoto). Let A and B be n × n real symmetric matrices. Then |In − xA − yB| =|In − xA||In − yB| for any x, y ∈ R if and only if AB = 0.
Many proofs can be found in [1,2,4–6,9]. In the next section, we provide a simple proof of a gener-
alized Craig–Sakamoto theorem below.
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Theorem 2. Let A and B be n × n real symmetric matrices with a1, ..., as and b1, ..., bt as their nonzero
eigenvalues. Then the following conditions are equivalent.
(1) AB = 0.
(2) |In − xA − yB| = |In − xA||In − yB| for any x, y ∈ R.
(3) |In − x(A + B)| = |In − xA||In − xB| for any x ∈ R.
(4) The nonzero eigenvalues of A + B are {a1, ..., as, b1, ..., bt}.
2. The proof
The proofs for (1) ⇒ (2) ⇒ (3) ⇒ (4) are straightforward. To prove (4) ⇒ (1), note that the rank
r(A + B) = s + t and |U + V |  |U| + |V | if U and V are positive semi-definite.
Case (a) s+ t = n : Let A1 = diag(a1, ..., as) and B1 = diag(b1, ..., bt). Without loss of generality,
assume that A =
⎛
⎝ A1 0
0 0
⎞
⎠, B = T
⎛
⎝ 0 0
0 B1
⎞
⎠T ′ and T =
⎛
⎝ T1 T2
T3 T4
⎞
⎠ is orthogonal. Then A + B =
⎛
⎝ I T2
0 T4
⎞
⎠
⎛
⎝ A1 0
0 B1
⎞
⎠
⎛
⎝ I 0
T ′2 T ′4
⎞
⎠, |A + B| = |A1||B1||T ′4T4| and |T ′4T4| = 1 = |It| = |T ′2T2 + T ′4T4| 
|T ′2T2| + |T ′4T4|. Thus T2 = 0 and AB = 0.
Case (b) s + t < n : r
⎛
⎝ A
B
⎞
⎠ = s + t since r(A + B)  r
⎛
⎝ A
B
⎞
⎠  r(A) + r(B).
Let P = (x1, x2, ..., xn) be an orthogonal matrix, where
⎛
⎝ A
B
⎞
⎠xi = 0, i = 1, 2, ..., n − s − t. Then,
P′AP =
⎛
⎝ 0 0
0 A∗
⎞
⎠, P′BP =
⎛
⎝ 0 0
0 B∗
⎞
⎠ and P′(A+ B)P =
⎛
⎝ 0 0
0 A∗ + B∗
⎞
⎠, where A∗ and B∗ satisfy (4) and
Case (a). Thus A∗B∗ = 0 and AB = 0.
Acknowledgements
This research is supported by the Natural Science Foundation of China (NSFA, Grant No. 1161054).
The author thank a referee for helpful comments and suggestions.
References
[1] H. Carrieu, Close to the Craig–Sakamoto theorem, Linear Algebra Appl. 432 (2010) 777–779.
[2] H. Carrieu, P. Lassère, One more simple proof of the Craig–Sakamoto theorem, Linear Algebra Appl. 431 (2009) 1616–1619.
[3] M.F. Driscoll, W.R. Gundberg Jr., A history of the development of Craig’s theorem, Amer. Statist. 42 (1986) 139–142.
[4] C.-K. Li, A simple proof of the Craig–Sakamoto theorem, Linear Algebra Appl. 321 (2000) 281–283.
[5] M. Marcus, On a determinant result of I. Olkin, Linear Algebra Appl. 277 (1998) 237–238.
[6] M. Matsuura, On the Craig–Sakamoto theorem and Olkins determinantal result, Linear Algebra Appl. 364 (2003) 321–323.
[7] J. Ogawa, A history of the development of Craig–Sakamoto’s theorem viewed from the Japanese standpoint, Proc. Ann. Inst.
Statist. Math. 41 (1993) 47–59.
[8] J. Ogawa, I. Olkin, A tale of two countries: the Craig–Sakamoto-Matusita theorem, J. Statist. Plann. Infer. 138 (2008) 3419–3428.
[9] I. Olkin, A determinantal proof of the Craig–Sakamoto theorem, Linear Algebra Appl. 264 (1997) 217–223.
